Abstract. An equivalent circuit for an annular porous electrode is derived by reinterpreting the differential equations that approximate the distribution of voltage and current in such electrodes. The equivalent circuit is shown to provide useful physical interpretations of the secondary current distributions. Multi-loop circuit techniques are employed to obtain the current distributions within the circuit. The solutions are shown to compare well with the exact solutions of the model equations. In addition, the equivalent circuit approach is used to investigate the effect of curvature on the degree of polarization of the electrode.
Introduction
Secondary current distribution (SCD) modelling provides a deeper understanding of the processes that determine the initial distribution of current in porous battery electrodes. The initial current distribution can set the trend for the discharge profile of the porous electrode at later times.
The analysis of secondary current in porous electrodes has been presented by Newman and Tiedemann [1] for rectilinear geometry and by Marshall [2] and Mak et al. [3] for cylindrical geometry. These authors develop a mathematical model based on the assumption of linear charge transfer kinetics and obtain exact solutions to the differential equations which approximate either the SCD or the potential distribution.
In the present paper we describe an alternative approach to obtaining the SCD for annular porous electrodes. This approach affords a good physical interpretation of the coupled system of differential equations which approximate the SCD in such electrodes. A physical interpretation of the equations is vitally important if a true understanding of system behavior is to be achieved. In addition, however, this approach to SCD modelling provides a physical model which may be directly compared to an annular porous electrode. The physical model developed here consists of an electric circuit comprised of a system of resistances. Like the governing equations of a mathematical model, the circuit represents the physical and electrochemical characteristics of various phases within the electrode. By determining the distribution of current within the circuit we obtain the SCD for an annular porous electrode. This method provides a relatively simple approach for SCD determination.
Derivation of the Equivalent Circuit
A general porous electrode of annular geometry is considered. The electrode may consist of a conductive electroactive material or a mixture of a semi-conducting electroactive material and an inactive conductor. Electrolyte solution is assumed to fill all voids within the porous electrode.
The basic equations which describe the conduction mechanism, the transfer of charge, the conservation of charge and the linearized activation polarization in an annular porous electrode are described in reference [3] . Combining these equations leads to a coupled system of differential equations which describe the surface overpotential, η(r) (V), and the solution phase current, i 2 (r) (A), within the electrode, namely
Here r (cm) is the radial co-ordinate, A(r) (cm 2 ) is the cross-sectional area of the porous electrode in the radial direction, σ and κ (S/cm) are the effective solid and solution phase conductivities respectively, I (A) is the total applied current, H (cm) is the height of the electrode, a (/cm) is the electrochemically active surface area of the pore walls per unit volume of the electrode, i 0 (A/cm 2 ) is the exchange current density, α a and α c are the anodic and cathodic transfer coefficients, respectively, F (C/mol) is Faraday's Constant, R (J/mol · K) is the gas constant and T (K) is the temperature.
Equations (1) and (2) may be discretized by rewriting the derivatives in terms of appropriate second order finite differences. Noting that i 1 (r) + i 2 (r) = I, this gives
and i
where i 1 (r) (A) is the solid phase current, h (cm) represents the distance between adjacent node points and A k = A(r k ). While both equations (3) and (4) are central difference approximations, the overpotential and the solid and solution phase currents are determined at node points which are offset from one another by the distance h.
In order to physically interpret equations (3) and (4) we consider Figure  1 which shows a section of circuit that has been overlaid onto a finite region of porous electrode. The circuit wires correspond to the current paths in the electrode. As shown in the figure, we denote the potential at the junctions in the circuit by Φ
If we let the width of the circuit section correspond to the distance ∆r, between N equally spaced node points in the porous electrode, where ∆r = 2h (cm), then the number of circuit sections in each electrode is n, where n = N − 1. Equation (3) may be rewritten as
which simplifies to
4 Figure 1 . Schematic diagram of a circuit section overlaying a finite region of porous electrode.
Here
, denote the potential differences between the circuit junctions which correspond to the solid and solution phases of the electrode, the currents in the circuit wires and the effective resistances between the circuit junctions which correspond to the solid and solution phases of the electrode, respectively. The resistances are the circuit equivalent to the ohmic resistance experienced by charge carriers moving in the solid and solution phases of the porous electrode. We note that R k 1 and R k 2 are given by
and
Since this is a model of a cylindrical electrode, the resistances are functions of the radial co-ordinate and are scaled by the cross-sectional area at the point mid-way between the circuit junctions.
Consider now equation (4), the left-hand-side of which represents the transfer current per unit volume that crosses the solid-solution interface at point k + 1 in the porous electrode. Given the potentials Φ 
Here i k+1 3
(A) denotes the current in the region of the circuit corresponding to the solid-solution interface in the electrode. The potential difference between the circuit junctions, which represents the surface overpotential in the electrode, is denoted by V 3 (V). The resistance between the circuit junctions, corresponding to the kinetic resistance experienced by charge as it passes from the solid phase to the solution phase in the electrode, is denoted by R k+1 3
(Ω). This resistance is given by
where R is also scaled by the cross-sectional area of the electrode to account for the cylindrical geometry.
The resistances
define the elements of the circuit section shown in Figure 2 . This figure shows the equivalent circuit corresponding to a region of porous electrode of width ∆r, under the condition of linear activation polarization. It follows from above that an equivalent circuit for the entire porous electrode is obtained by combining the equivalent circuit loops for all regions of the electrode.
Solution Technique
Figure3 shows the equivalent circuit for a porous cylindrical electrode which has been divided into three finite regions. It is important to note that the circuit contains a number of distinct current loops which cannot be manipulated to form a single current loop. In order to determine the current in each circuit member, Kirchhoff's Rules for a multi-loop circuit may be applied. The circuit shown in Figure3 contains at least three distinct current loops, which are denoted by L 1 , L 2 and L 3 . The total applied current, denoted by I (A), is split into a transfer current, i 1 3 (A), and a solution phase current, i 2 2 (A), at the first circuit junction. We define the transfer currents in the second and third vertical members of the circuit to be given by i 3 3 and i 5 3 (A) respectively. Expressions for the currents in each remaining member of the circuit are readily obtained by applying Kirchhoff's First Rule which states that the algebraic sum of the currents entering any node within the circuit is equal to zero. These expressions are shown in the figure.
Traversing each circuit loop in a clockwise direction, as indicated in Figure  3 , and applying Kirchhoff's Second Rule, which states that for any closed circuit loop, the algebraic sum of the voltages is equal to zero, leads to a set of linear algebraic equations for the currents i 3 ), is a measure of the rate of reaction at the solid-solution interface. We define j to be an anodic current given by
Thus, reaction rate values are readily determined from the equivalent circuit results once the transfer currents i The above analysis was carried out using 3 finite circuit sections but our results generalize to n > 3 sections trivially. The results presented here were obtained by running a FORTRAN computer program written to implement the above solution technique for an arbitrary number of electrode sections. Since the equivalent circuit is comprised of a number of "finite circuit loops", we will refer to the process of determining the SCD in this manner as the Finite Difference Equivalent Circuit (FDEC) approach. Figure 4 compares the solution phase current density and reaction distribution results obtained from the FDEC model for various values of the solid and solution phase conductivities, to the corresponding quantities obtained from the exact solution of the model system represented by equations (1) and (2) . The exact solution of such a model system is presented by Mak et al. [3] . The physical and kinetic parameters used in the comparison resemble those of a typical EMD D-Cell cathode of the type found in primary alkaline batteries (refer to Table 1 We observe that the distributions obtained by applying the FDEC approach are in very good agreement with the corresponding exact solutions to the model system. In order to illustrate how the equivalent circuit affords an insight into the processes that govern these distributions, we define a dimensionless resistance, δ k . Specifically,
Current Distribution Results
so that The δ k parameter is the discrete analogue of the dimensionless exchange current parameter initially proposed by Newman and Tobias [6] . This parameter determines the non-uniformity of the reaction distribution within a porous electrode in the absence of concentration effects. Using the FDEC approach we clearly see the physical interpretation of the δ k parameter. It represents the ratio of ohmic resistance to kinetic resistance at a given point in the electrode.
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It is convenient to interpret the ratio A
k+1 /A k in expression (16), in terms of a discretization error which occurs when we apply the FDEC approach. This error is of order ∆r/2r k , and arises because, within the circuit, the ohmic and charge transfer resistances are offset from one another by a distance ∆r/2. Minimizing this error ensures that the ratio A k+1 /A k , approaches unity for all possible electrode configurations. This will occur if ∆r is much smaller than the inner radius of the annular electrode. Setting the number of node points, N , in the equivalent circuit to be large, say N ≥ 50 for standard size cylindrical cells, guarantees that the ratio, A k+1 /A k approaches unity. Under these conditions δ k is independent of k and we denote this limiting value by δ. When δ is large the resistances R k 1 and/or R k 2 govern the distribution of current in the equivalent circuit. This corresponds to the relative conductivities of the solid and solution phases governing the distribution of current in the porous cathode. In Figure 4 we observe two limiting distribution profiles for this case. Firstly, when κ σ (i.e. R k 1 R k 2 ) the comparatively low solution phase conductivity severely limits the length of the current path in the electrolyte solution. In order to minimize the ohmic potential drop in the solution phase the majority of charge crosses the solid-solution interface in a narrow region close to the inner radius of the cathode.
The second type of distribution observed in Figure 4 , for δ large, occurs when σ is equal to κ and they are both small (i.e. R k 1 and R k 2 are equal and large). In this case the majority of cathodic reaction is confined to narrow zones at the inner and outer radii of the cathode. Little reaction occurs in the region mid-way between these two interfaces. The FDEC approach provides us with a good physical interpretation of this distribution. The fact that we observe such a current minimum in the equivalent circuit means that there is a point at which the combined resistive effects of R , govern the distribution of current in the equivalent circuit. This corresponds to slow charge transfer kinetics governing the distribution of current in the porous cathode. Charge in the solution phase is distributed uniformly across the width of the cathode. As can be seen in Figure 4 , for the case σ = 20, κ = 20, this yields a linear distribution of solution phase current density and a uniform reaction distribution across the cathode.
Curvature Effects
The cross-sectional area of an annular electrode increases linearly from the inner radius to the outer radius. It is this increase in area, which does not occur for planar electrodes, that characterizes the effect of curvature on the polarization of such electrodes. To illustrate this we begin by defining a dimensionless curvature parameter, ω, given by
where µ (cm), is the thickness of the electrode and r 1 (cm), is the inner radius of the annular electrode. The ω parameter may be thought of as a measure of the deviation of the surface of the annular electrode from planarity. As ω → 0, the electrode configuration is more planar, whereas as ω → 1, the electrode surface becomes highly curved.
The cross-sectional area, in terms of ω, at any radius within an annular electrode is given by
Dividing both sides of expression (18) by A 1 and defining a dimensionless radial length, k * = (k − 1)/2n, we obtain an expression for the crosssectional area of an annular electrode relative to that of a planar electrode having a cross-sectional area equal to that of the annular electrode at the inner radius. Specifically, Figure 5 shows the behaviour of A * as k * and ω vary between their limiting values. We observe that for non-planar electrodes (i.e. ω = 0) A * increases linearly as the electrode is traversed from the inner to the outer radius. In addition, we see that the rate of this increase is larger for electrodes having a high curvature. It is this increase in relative area and its dependence on the curvature of the electrode that characterizes the curvature effect. The degree to which the curvature effect is evident in the polarization behaviour of an annular electrode depends on the distribution of current within the electrode. We interpret this behaviour by applying the equivalent circuit analogy to the porous annular cathode.
The total potential loss Φ C (V), across the cathode, is given by the difference in the solution phase potential at the inner radius and the solid phase potential at the outer radius, of the cathode. In terms of an equivalent circuit, Φ C , may be calculated by choosing any current path between the circuit terminals and summing the potential differences across each resistance as this path is traversed.
In order to calculate Φ C for different cathode configurations of varying curvature, we substitute expression (18) into the expressions (8), (9) and (12) when determining the resistances within the equivalent circuit. Once these resistance values have been determined for a given ω, the equivalent circuit problem is solved to obtain the currents in each circuit member. The potential loss, Φ C , may then be calculated and the process repeated for a different ω value.
As a reference to the polarization behaviour within an annular cathode we calculate the corresponding total potential loss, Φ L (V), across a planar cathode (i.e. ω = 0) having a cross-sectional surface area equal to that of the annular cathode at the inner radius. A dimensionless total potential loss, Φ * may then be defined as
A plot of Φ * versus ω, for various values of δ is shown in Figure 6 . We observe that as the curvature of the electrode increases, Φ * decreases. In general, increasing the curvature causes the degree of polarization of the porous cathode to decrease. However, we note that magnitude of this polarization decrease is dependent on the current distribution within the electrode.
We recall, from Figure 4(b) , that when σ κ, the electrode reaction is limited to a narrow zone at the inner radius of the annular cathode. From Figure 6 we observe that, except for extremely high values of the curvature, under these conditions the reaction does not penetrate the annular cathode enough for curvature to have any significant effect on the polarization. Comparing Figures 4(b) and 6, we observe that as the reaction rate at the inner radius of the cathode decreases the curvature effect becomes more significant. The most significant reduction in polarization occurs when σ equals κ and they are both small. Under these conditions the reaction is uniformly distributed across the width of the cathode and the polarization is inversely proportional to the cross-sectional area of the cathode.
Conclusion
The FDEC approach utilizes an electrical circuit to determine the SCD within annular porous electrodes. The FDEC method provides current and reaction distributions which are consistent with those predicted from conventional mathematical models. The method may also be utilized to analyse the effect of electrode curvature on the polarization behaviour of the electrode.
The FDEC approach to SCD modelling provides an inherent physical interpretation of the SCD results and may be viewed as an interpretive link between the mathematical model and the physical system under consideration.
